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ABSTRACT

An increasing sequence of closed subsets of the unit interval is constructed,
such that no set in the sequence is essentially covered by a finite union of
translates of the set preceding it. The result is applied to construct a patho-
logical right-translation-invariant ideal of the Banach lattice L* on R..

1. Introduction. In [3] a conjecture on the existence of very “‘thin’’ meas-
urable sets on the teal line was settled in the affirmative by the trick of con-
structing certain sets with evenly scattered holes. Since both the size and the
distribution of the holes could be closely adapted to the purpose in hand, it was
tempting to put such sets to further uses. This note illustrates another such use.

The question dealt with in [3] originated in a problem of the theory of function
spaces with translations on the positive half-line, as developed in [2] (cf. [1],
Chapter 2); so does the question discussed here. In Section 3 we describe this
application without technical dependence on those references.

2. The construction. R denotes the real line and u is Lebesgue measure on R.
If F, F' < R are p-measurable, we say that F is essentially contained in F’ if
u(F\F)=0.

THEOREM 1. There exists a sequence (E,) of closed subsets of [0,1] such that
WE)>0, E,cE, ., and E_ ., is not essentially contained in any finite
union of translates of E,,, m =1,2,-+-.

Proof. 1. We define a positive-integral-valued function p(m;n) on the pairs
of positive integers, by recursion in the first variable, thus:

(1) P(l;n)=n+1a n=1727"';
if p(m;n) is known for a given m and all n we define the following auxiliary func-
tion by recursion in j:

(2 gm,0;n)=n; g(m,j + 1;n) = g(m,j;n) + 1 + p(m; q(m,j;n) + 1),
j=0,n=1, n=1,2,
and finally set
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3 pim+1;n) = g(m,n;n) —n + 2.
It is immediately verified by induction that p(m;n) is positive-valued and that

“) p(m;n) is strictly increasing in both variables.

2. For every positive integer m, we define the closed set

(2—”7’ + (0’ 2—n-p(m;n) )) .

Cs

-ny,,

The open intervals 27" + (0,27 7™y p =0, + 1, + 2,--+, are the holes of
order n of A,; the images of these holes under the translation ¢t — ¢’ + ¢ are the
holes of order n of t' + A,,. On account of (4), 4,,< 4,4+, for all m.

We set E,, = [0,1] N A4,,, so that (E,) is a sequence of closed subsets of [0,1]
with E, c E,, . . Using (1), we find

o 2n-1
WEDZ1—- X X 277rm o 2 27" = 1>0.
n=1 r=0 =1
To conclude the proof, we show that, for any given m, E, ., is not essentially
contained in any finite union of translates of A4,,, let alone of E,,.
3. More specifically, we claim that for any given positive integers m, k and
any t,,---,t; € R we have

k
(5) ﬂ([l - 2_k’ 1] mEm+ 1) > ﬂ([l - 2_k’ 1] N 'L—Jl (ti + Am)))

which implies the desired conclusion.

Indeed, since p(m + 1;n) = p(1;1) =2 for all n, [1—27%1] does not meet
any holes of A,,.; of any order strictly smaller than k; and it contains, for each
n 2k, 2"7* holes of order n and total measure 2"~ *2 ™" 7PF1im)  p=kmp(m¥ ;)
<27+ (61 account of (4)). Therefore

(6) ,u([l - 2_k, 1] X Em+ 1) = l"’([l - 2—k’ 1] mAm-l-l)

-k _ E 2—n—p(m+1;k) = 2-k(1 _21—p(m+1;k)).
n=k

On the other hand, [1 —~27% 1], being of length 27 contains at least one
interval of the form (¢; +27*"'r,t, + 27*"}(r + 1)) (r an integer), and therefore
contains one complete hole of t; + A4,, of order k + 1 and length 27 **+ 1) ~ptmk+1)
= 2741k, this hole again contains a complete hole of t, + A,, of order
q(m,1;k) + 1 and length 279™2%® (we here use (2)); continuing in this fashion,
we find that [1 —27% 1] contains an open interval of length 274" that is
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ahole of t; + A, containedin a hole of t, ., + A,,--- contained in a hole of t; + 4,,,
and thus disjoint from | J{-;(t; + 4,). Therefore, using (3),

k
WIL=2790 | (+ A) S 275 = 27R0 < g7 - 2 rm ),
i=1

This, together with (6), implies (5), thus establishing our claim.

3. The application. R, denotes the positive real half-line. Measure, mea-
surable, null, all refer to Lebesgue measure. L is the usual Banach lattice of
(equivalence classes modulo null sets of) essentially bounded measurable real
valued functions on R,, with the essential-supremum norm “ . “ . A constant in
L™ is denoted by its constant value, the characteristic function of the measurable
set Ec R, by %g.

For fe L*, se R, we define the translate T,fe L” by

T.f(1) = 1[ f-s9 t 2 max{0,s}
(0 0<i<s

(with the usual measure-theoretical grain of salt). F = L* is an ideal in L* if F
is a linear manifold satisfying

(F): feF, gel”, Igl < |f| implies ge F.

An ideal F< L® is right-translation-invariant [translation-invariant] if it
satisfies

(RT) [(T)]: feF, seR,[seR] implies T,feF.

It is an easy exercise to show that the L™-closure of a right-translation-invariant
ideal is another (the same is true, for that matter, for translation-invariant ideals).
If F is a right-translation-invariant ideal, the smallest translation-invariant ideal
containing F is, clearly, T"F = {T_,f:fe F,seR.}.

THEOREM 2.  There exists a closed right-translation-invariant ideal F in
L% such that T™F is not closed in L*.

Proof. Let (E,) be as in Theorem 1, and set B = Ufﬂ(m + E,), a closed set
in R, . Define G as the set of those fe L that vanish a.e. outside some finite
union of right-translates of B; thus fe L* with ” f ]| Z1 isin G if and only if
| f | < %c, where C = Uf‘= «(s; + B) for some positive integer k and numbers
s;€R,, i=1,---,k; in particular, if Ec R, is measurable, y;e G if and only
if E is essentially contained in such a set C.

We claim that this is specifically not the case for E = p + E, ., for any positive
integer p; otherwise, indeed, p + E,,; would be essentially contained in
C=nm-1J i +s,+E,); since (p+E,;)N(m+s;+E,) is null for
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mzp+1,and E,cE,form<p, E,,; would—in R of course—be essentially
contained in | J2-; | Ji-1(—p+ m+ s+ E,), contradicting the conclusion of
Theorem 1.

G is obviously a right-translation-invariant ideal, so that its L*-closure, which
we choose as our F, is another.

NOW %+ £, € G, 50 that xp, = T_ptmip, € T F, m=1,2,-,with || g, | =1.
Therefore (Xm=12""yg.) is an L*-Cauchy sequence in T™F, and its L™-limit is
fo= Zm=12"™E, = Xo,17- We claim that f; is not in T™F, thus proving that
T™F is not L*closed.

For assume that f,e T™F, ie., fo=T_.f for some feF, seR,; choose a
positive integer p=s, and set E=p+E,.;; then 0 = T,fo = T,T_f = |f],
and therefore

0= 277 e =T 27" 2, ) £ Tpfo=T,-Tifo £ T, |f|€F,

whence y; € F. There exists, therefore, g€ G such that |xz—g| < |xz—g|| £ 4,
whence 1z — %58 < x& | 22 — g| < 4xs, which implies [g| = xzg 2 41z 2 0.
Thus yz € G; and this was shown above to be impossible.

ReMARK. Theorem 2 provides a negative answer to the question in [2], p. 237
(following Theorem 4.6) and justifies the statement in [1], p. 61 (following 23.H);
it is sufficient to ptovide F and T F with the norm of L™.

Our proof of Theotem 2 used the “‘local structure’” of R, very strongly, via
Theotem 1. This prompted the author to raise the question concerning the ana-
logous problem for the sequence space ™ (on the set Z, of non-negative integers).
The refetee has indicated the proof of the following analogue of Theorem 2; it
may be adapted in an obvious way to yield an alternative proof of Theotem 2
itself. The meaning of the terms will be clear without fresh definitions.

THEOREM. 3. There exists a closed right-translation-invariant ideal F in
I° such that T®F Tis not closed in 1®.

Proof. Let a, be the product of the first n primes and set E, = {a,:h = 1,2,---}
cZ,,n=1,2,--. Let G be the set of those fel® that vanish outside some
finite union of right-translates of 1+ E;, 2+ E;,--, and let F be the
1®-closure of G. F if a closed right-translation-invariant ideal.

As in the proof of Theorem 2, (Xh_127™y,) is an [™-Cauchy sequence in
T™F; if its [®limit f, = X -2 "y, were in T~ F, it would follow as in that
proof that ¥,.r,,,€G for some peZ,; but this means that p +E,.y
c U, . (r; + i + E)) for some positive integer k and r;eZ,, i =1, k. This,
however, is 1mpos51ble, for (p + Ep+ ON(r; +i+E) is a finite set for each i:
indeed, if p+ap+1—r +i+a’, the integer !r +i— l is divisible by aj
where g = min {i, p + 1}, j = min{h, h’}; thus either h or h’ is bounded, and the



1966) SETS WITH HOLES ON THE REAL LINE 229

intersection is consequently finite, unless p=r;+i; but in this last case,
(p+E,;)NEi+i+E)=p+(E,+; NE)isempty, since i <r;+i=p<p+1.

The author wishes to thank the referee for suggesting the inclusion of the pre-
ceding result. Part of the research in this paper was carried out while the author
was visiting professor at Carnegie Institute of Technology, Pittsburgh, U.S.A.
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